In inertial-confinement fusion (ICF), the ablation front of the imploding capsules is hydrodynamically unstable. 1, 2 The heavy material of the compressed pellet is accelerated by the low-density ablating plasma, thus making the pellet interface unstable to density perturbations (Rayleigh-Taylor instability). 3 The classical treatment 3 worthy that, in the classical case, the growth rate monotonically increases with the mode wave number k, and the Atwood number is constant. However, in ICF, the convection of ablated material through the interface leads to a reduction of the growth rate with respect to the classical value γ γ cl < ( ) 1 and, for sufficiently short wavelengths, the instability is suppressed. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] Thus, only those modes with wave number smaller than a critical value [14] [15] [16] (k < k c , where k c is the cutoff wave number) are unstable. In addition, the density profile of ICF targets monotonically decreases in the ablation and blowoff regions, thus complicating the definition of a light-fluid density (ρ l ) to be used in the definition of the classical Atwood number. For a monotonic density profile and mode wavelength smaller than the density-gradient scale length, , where L min is the minimum density-gradient scale length. This result has led several authors 1, 20 to approximate the Atwood number with an asymptotic formula A k L T = + ( ) 1 1 min that reproduces the classical results for long-and short-wavelength modes, and for ρ l << ρ h . In this article, the Atwood number is derived for equilibria with ablative flow, and it is shown that the classical formula does not apply to ablation fronts. The ablative Atwood number depends on the density-gradient scale length, the mode wavelength, and the law of thermal conduction.
Self-Consistent Stability Analysis of Ablation Fronts with Large Froude Numbers
A qualitative description of convective (or ablative) stabilization can be obtained by using the incompressible sharp boundary model [7] [8] [9] [10] consisting of two fluids of constant density separated by an interface of zero thickness with mass flowing from the heavy to the light fluid. For subsonic ablation flows, the perturbed velocity field is assumed to be incompressible ∇ ⋅ = ( )v 0 through the interface. It is easily shown that the assumption of divergence-free velocity perturbations is not consistent with an accelerating equilibrium flow, i.e., the equation describing the perturbation cannot be used to determine the equilibrium profiles. Since the equilibrium is one-dimensional, the incompressibility condition leads to a uniform velocity profile (U = constant), in clear contradiction with the mass conservation that requires a uniform mass flow (ρU = constant) and a jump in the profiles. In addition, the model requires a closure equation, as the number of unknowns exceeds the number of equations. Several closure equations have been proposed by different authors [7] [8] [9] [10] leading to discrepancies in the final results. In Ref. 10 , the sharp boundary model is improved by a self-consistent calculation of the density jump occuring at the ablation front. Nevertheless, an additional closure equation [Eq. (5) of Ref. 9] is still needed and the model is not self-consistent.
Monotonic equilibrium profiles of ablation fronts can only be reproduced by retaining the effect of finite thermal conductivity in the energy equation. Thus, for consistency, the effect of thermal conduction should be retained in the stability analysis as well. Kull and Anisimov developed a model 4 (the isobaric model) that includes thermal conduction and neglects other less important physical effects such as finite Mach number. Their model is self-consistent because it can be solved to determine the equilibrium profiles as well as to carry out the stability analysis. However, in Ref. 4 , Kull and Anisimov analytically solve the isobaric model without determining the self-consistent equilibrium. They assume instead that a sharp boundary exists between the heavy and the light fluids. Although their model is self-consistent, their solution is not. Later, Kull 5 numerically solves the self-consistent isobaric model and finds a large discrepancy with the sharp boundary results. The numerical results of Kull 5 also agree with the results of Ref. 6 . The latter can be fitted by the well-known formula
where V a is the ablation velocity and α T , β T are given later in the section on Stability Analysis. This formula has been derived by numerically solving the exact eigenvalue problem, including electronic heat transport (κ ~ T ν , ν = 2.5), for large Froude numbers (Fr = 5−9, see 6 have also been confirmed by several two-dimensional simulations of accelerated targets and capsule implosions. 18, 19 The great difficulties in the analytic solution of the selfconsistent problem had prevented the derivation of an analytic growth-rate formula that reproduces the numerical results. Only recently, some attempts have been made to close this gap by solving the self-consistent problem using asymptotic techniques.
The first attempt is found in Ref. 12 , where the WentzelKramers-Brillouin (WKB) approximation is used to determine the cutoff wave number in the case of electronic heat conduction (ν = 2.5). Based on this analytic estimate, V. V. Bychkov, S. M. Goldberg, and M. A. Liberman derive an approximate growth-rate formula, similar to Eq. (1), with β = 2.5−3.2 and α ρ ρ ρ ρ A semi-analytical, self-consistent analysis is also carried out in Ref. 13 by matching the analytical solution of the ablation region with the numerical solution of the blowoff region. The growth rate of Ref. 13 and the fully analytic formula derived in this article are in agreement for ν = 2.5 and Fr > 10, but significant discrepancies exist for large ν's. A more detailed comparison between analytical, semi-analytical, and numerical results is presented in the Discussion section.
In this article, the importance of a growth rate formula valid over a large range of ν's is emphasized. In fact, numerical simulations show that direct-and indirect-drive ICF capsule implosions have different instability growth rates. This could be related to the different mechanism of energy transportindirect-drive ICF is dominated by radiation transport and direct drive by electronic thermal conduction. In the diffusive radiation model, 21 the heat flux transported by radiation heat conduction is proportional to the temperature gradient q T = − ∇ ( ) κ and the effective radiation thermal conductivity κ σ = ( ) 16 3 3 T l T , where σ is the Stefan-Boltzmann constant, and l(T) is the Rosseland mean free path. According to Ref. 21 , l(T) can be approximated by a power law with the power index dependent on the material properties. For example, in an optically thick, fully ionized homogeneous plasma, l(T) ~ T 3.5 and κ ~ T 6 .5 . The variance of the power index has provided the motivation to carry out the stability analysis for arbitrary values of ν (κ ~ T ν ) and to determine a generalized formula for the growth rate.
In this article, we present the analytical solution of the eigenvalue problem derived from the linearized isobaric model of Kull and Anisimov 4 for long-wavelength perturbations (kL << 1), closing the gap between theory and numerical computations, and extending the validity of the growth-rate formula to a large range of ν's. The analysis is limited to ν > 1 and large values of the Froude number, thus restricting the unstable spectrum to wavelengths longer than the width of the ablation front. In fact, as shown in Ref. 16 The growth rate is obtained by performing a boundary layer analysis in the regions of different scale lengths for the perturbation and subsequent asymptotic matching. The analytic theory is compared with the numerical results of Kull 5 and Takabe 6 for different values of Fr and ν.
This article is organized as follows: First, the isobaric model describing the evolution of accelerated ablation fronts is presented; next, the equilibrium profiles are derived, a stability analysis is performed, and the growth-rate formulas are reported. Finally, in the discussion section, the growth-rate formulas are compared with the numerical results.
Isobaric Model
We consider an ablatively accelerated fluid in steady state. In the ablation-front frame of reference, the evolution of the mass density ρ, velocity v, and temperature T is described by the following conservation equations:
where g e y = < ( )
is the specific heat at constant volume, and γ h is the ratio of the specific heats. The constant .
Following the work of Kull and Anisimov, 4 the simplified energy equation can be rewritten in divergence-free form,
where ξ ρ ρ = a is the density normalized to its peak value ρ a , and L 0 is the typical width of the ablation front,
For classical electron thermal conduction, ν = 5/2, and κ a is given by Spitzer, 22 κ π Φ Λ ,
where Λ is the Coulomb logarithm and
. .
As will be shown later, the constant L 0 is proportional to the density-gradient scale length at the ablation front.
Equations (2), (3), and (5) represent a complete set of four equations for the four variables ρ, ν x , ν y , and p that can be used to study the equilibrium and stability of accelerated ablation fronts.
Equilibrium Profiles
The equilibrium profiles can be derived from Eqs. 
where ξ 0 is an integration constant. The appropriate boundary conditions for ablation fronts require the density profile to be flat at the peak value ( ′ = ξ 0 for ξ = 1, leading to ξ 0 1 = ) and evanescent in the downstream or expansion region ( ξ → 0 for y → −∞). The steepness of the profile depends on the value of L 0 that is determined by the thermal conduction and the ablation rate. Using Eq. As described in Ref. 16 , the length L 0 can also be related to the distance L e between the peak of the density and the 1/e point.
Although Eq. (8) cannot be solved in closed form, an approximate solution can be found in proximity of the peak density (overdense region), where y > 0, ξ ≈ 1, and in the blowoff region, where y < 0, ξ << 1:
Equation (9) shows that the density profile is sharp near the peak density, where L L Ӎ 0 , and becomes smooth in the expansion region, where L y Ӎ − ν and − >> y L 0 . The equilibrium velocity profile can easily be derived from the mass
Since the ablated material is flowing toward the light fluid, then U e y = U , U < 0, and ρU = const. In the overdense region, the velocity U approaches a constant value U y V a → ∞ ( )= − , and its magnitude monotonically increases in the blowoff region
It is important to observe that the density-, velocity-, and temperature-gradient scale lengths are determined by the thermal-conductivity coefficient, the ablation rate, and the power index ν. The profiles become smoother as κ a or ν increases.
Stability Analysis
The linear stability analysis proceeds in the standard manner. Following Ref. 16 
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Region 1: The Overdense Region
In ICF capsule implosions, the heavy-fluid region is the overdense portion of the shell where ˆỹ ky 
where Γ a a kV = −γ and the superscript h denotes the heavyfluid region. The solution of Eq. (11) can be written in the following form:
It is important to observe that the parameter ∈Γ a is small for long-wavelength modes and large Froude numbers. Indeed, ∈ =∈ ( ) < ∈ ( )= ∈ << 
The next step is to solve Eq. (10) in the ablation-front region and asymptotically match that solution with Eq. (16).
Region 2: The Ablation-Front Region
The ablation front is the region where the density, velocity, and temperature profiles undergo sharp variations. In this region, ˆỹ ∈, L ~ L 0 , and ξ ~ 1. Since ξ ρ ρ ≡ a~1 , Eq. (8) cannot be analytically solved and an explicit expression for the spatial dependence of the density profile cannot be found. Thus, it is more convenient to use ξ as the independent variable in Eq. (10) . By denoting Φa as the solution in the ablation region and after some straightforward manipulations, Eq. (10) can be rewritten in the following operator form:
,ˆˆΦ 
It is important to observe that the incompressible theory ∇ = ( ) ⋅ṽ 0 yields only the sonic solutioñ~e xpˆˆ.
Equation (13) shows that a new solution is introduced by the finite thermal conductivity and, because of its diffusive character, we denote the second term in Eq. (13) as the diffusion or entropy solution. The asymptotic matching conditions can be greatly simplified by the following choice of the integration constants:
where B h , β must be determined from asymptotic matching, and the normalization condition a b h h + =1 has been used.
The heavy-fluid solution [Eq. (13)] can be rewritten using the ablation-front variable z y = ∈ and expanding a − in powers of ∈ and ∈Γ a ,
where Ψ h z ∈ ( ) and ˜, ,
, and z y = ∈ is the ablation-front coordinate (z ~ 1 in the ablation-front region). Furthermore, each operator L i can be expanded in powers of ∈Γ a , and the eigenfunction can be expressed as a double power series,
The next step is to solve Eq. (19) order by order. To lowest order in ∈ and ∈Γ a , Eq. (19) yields
where A a , B a , C a , D a , and E a are the integration constants. The five solutions can be written in the following integral forms: Since the growth rate of the long-wavelength modes (∈ << 1) scales as the classical growth rate γ~kg ( ) , the condition σν << 1 can be rewritten in the following form: . However, because of its complexity, we simplify such an equation by assuming that, to lowest order in ∈, ∈ 1/ν , and ∈Γ a , the eigenvalue has the classical form γ 2 = k g . This assumption is verified later by the matching conditions. First, observe that for γ 2 = k g , Eq. 
where
Substituting ζ νξ ν = ∈ ( ), Eq. (33) can be rewritten as the sum of three power series in ∈. It is important to observe that the power series in Eq. (33) cannot be matched with the ∈ and ∈Γ a power series of the ablation-front solution. This suggests that a transition region exists between the ablation front and the blowoff regions. The solution in such a region must match the ablation front as well as the blowoff region solution.
By introducing the layer variable η ζ σ µ = and the operator ∂ ξ∂ η u = − − ( ) 1 , Eq. (25) can be rewritten in the following form:
where ∆ = σ µ , the superscript t denotes the transition region, and 
Equations (47) and (48) The growth rate of the instability can be found by matching the solutions in the ablation front, the transition, and the blowoff region. First, we combine the terms of the transition region into a single function 
Equation ( 
The next step is to match the solutions for the transition and blowoff regions. Taking 
Equations (53) and (55) , and β~ 1. Equations (53) and (55) can be used to determine the instability growth rate and the parameter β . Retaining all terms up to order ∈Γ a B h and ∈, the instability growth rate satisfies the following equation:
where 
Solving Eq. (65) yields the growth-rate formula: 
Note the different coefficients of ∈ 1/ν in the Atwood numbers defined by Eqs. (67) ∈ in Eq. (66) improves the accuracy of the growth-rate formula up to the first order in 1/ν: 
Although Eq. (68) is valid over a large range of ν's > 1, a significant degradation of its accuracy is expected to occur for ν → 1, where the 1/ν expansion breaks down. This problem is addressed in the next section, where the range of validity of the growth-rate formulas is discussed. 
Summary of the Growth-Rate Formulas for
where A T , β, and V bo are defined by Eqs. (57) and (69), respectively.
For values of 1 < ν < 2, the analysis of the previous section still applies. However, because corrections due to higher orders of 1/ν are not included in the derivation, the growthrate formula [Eq. (68)] shows poor agreement with the numerical results for ν < 1.5. Figure 65.22(a) shows the unstable spectrum obtained by Eq. (68) and the numerical results of Ref. 5 for ν = 1.5, 1.2, and 1.15. Note the degradation in accuracy of the analytic growth rate for ν < 1.5. The analytic formula can be improved by observing that, for ν → 1, the cutoff wave number is so small that the ∈ 1/ν corrections can be neglected in the analysis and the eignevalue equation can be numerically solved in the blowoff region. It is found that by modifying µ 0 to µ ν
, the matching conditions are satisfied over a large range of Froude numbers and ν → 1 + , thus leading to a general growth-rate formula valid for 1 < ν < 2:
and A T is defined by Eq. (57). 
Discussion
The validity of the asymptotic formula has been tested by comparing the growth rate obtained from Eqs. and ρ s , c s , and r s are the sonic density, sound speed, and position of the sonic point, respectively. Since α T is almost independent of the equilibrium parameters (α T Ӎ 0.9), we focus our attention on β T . It is important to remember that, while Eqs. 
where r a is the radial location of the peak density. 
Observe that θ is very weakly dependent on the equilibrium parameters, and its values are always close to unity θ Ӎ 1 ( ). and can be applied to configurations that are not described by pure electron heat conduction.
Conclusions
The stability analysis of accelerated ablation fronts is carried out self-consistently for an arbitrary power law dependence of the thermal conductivity (κ ~ T ν with ν > 1) and large Froude numbers (Fr > 1). The eigenvalue equation is solved in different regions of the density profile (overdense, ablation, and blow-off regions), and the solution is asymptotically matched. The growth-rate formula is derived from the matching conditions, and its validity has been tested against the numerical results of Ref. 5 . The excellent agreement between the growthrate formula and the numerical results shows the high level of accuracy of the analytic derivation. 
